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The invariant imbedding concept is shown to be a useful tool for avoiding certain 
computational difficulties in engineering design. By avoiding these difficulties, the 
original design problem can be solved in a fairly straightforward fashion. The use of 
solution oriented design can be avoided. Various examples are given to show the 
effectiveness of this approach. 8 1986 Academic Press, Inc. 
INTRODUCTION 
One of the basic problems in the process industry is equipment design. 
These design problems are usually very complicated and nonlinear and 
thus cannot be solved analytically or in closed form. Engineers have 
developed various numerical approaches to solve these design problems. 
However, due to numerical difficulties, these approaches, which will be 
called solution oriented approaches, do not solve the original design 
problem directly. 
There are many differences between the original design problem and the 
solution oriented design problem. It is true that the later can eventually 
solve the former more complicated problem by the use of many trial-and- 
error and may be even experimental procedures. However, these trial-and- 
error approaches are very time consuming and undesirable. This is 
especially true in view of the very high capacity of modern computers. 
It is shown in this paper that the invariant imbedding concept or a com- 
bination of this concept with other techniques can be used to formulate the 
design problem in the form of the original problem which is especially 
suited for obtaining numerical solutions in modern computers. 
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THE ORIGINAL DESIGN PROBLEM 
Consider a process whose behavior is represented by the following set of 
differential equations 
$j-(x) (1) 
where x and f are n-dimensional vectors. The x vector represents the 
variables of the processes such as temperature, pressure, concentrations, 
etc. 
For most engineering design problems, the input (or the conditions of 
the raw material) and the output (or the conditions of the product) are 
specified. The problem is to find the optimum size of the equipment or the 
duration of the process based on these specified input and output con- 
ditions, these conditions can be represented by 
Xi(O) = xp, i = 1, 2,..., n Pa) 
Xi( ff ) = x{, i = 1, 2 ,..., n. (2b) 
The problem can now be stated as: obtain the size of the equipment ffso 
that the values obtained for the input and output conditions are as near as 
possible to the specified values listed in Eq. (2). Notice that Eqs. (1) and 
(2) constitute a nonlinear boundary value problem with over specified con- 
ditions. In general, the conditions listed in (2) cannot be completely 
satisfied. 
Let us first consider a simpler problem where only one condition is over 
specified. Thus, instead of (2), the following input and output conditions 
can be specified. 
Xi(O) = xp, 
x i( ff ) = XT, 
i = 1, 2,..., m (3a) 
i = m + 1, m + 2 ,..., n + 1. (3b) 
Equations (1) and (3) form a nonlinear boundary value problem with 
one over specified condition. Since this over specified condition can be used 
to estimate the unknown duration of the process, the conditions listed in 
(3) can be completely satisfied if the values of these conditions are assigned 
within the operating range of the process. 
Due to the fact that the unknown is the duration, or the independent 
variable, even the simpler design problem represented by Eqs. (1) and (3) 
cannot be solved without trial-and-error. Because of the usually highly 
nonlinear nature of the process, these trial-and-error procedures are not 
only time consuming but also frequently nonconvergent. 
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For the design problem represented by Eqs. (1) and (2), not only the 
duration of the process is unknown, the conditions are also over specified. 
Thus, some minimization approach such as the least square approach must 
be used to treat the over specified conditions. 
To make the problem even more difficult, conditions may also be 
specified at any point of the equipment or duration, instead of only at the 
initial and final points. For example, in many production processes, dif- 
ferent grades of material are needed for different purposes. Highly purified 
material is produced at the final point of the equipment. But lower grade 
products can be obtained before the linal point, or may be even only at the 
middle point. Instead of Eqs. (2) or (3), the given conditions now become: 
x,(O) =x” I ’ i = I, 2,..., tl (4a) 
Si( t,) = .Y’. I’ i= 1, 2,..., n 
.Y,( t,) = xf ) i = 1, 2...., n (4c) 
with 0 < tk < tp The problem now becomes a multipoint nonlinear boun- 
dary value problem. In addition to the unknown total duration or total 
length of the equipment, the duration or length t, and the over specified 
conditions at t = 0, t = tk and t = tf must also be considered. It will be 
shown that invariant imbedding forms an ideal straightforward approach 
to solving this design problem. 
THE INVARIANT IMBEDDING APPROACH 
The principal difficulty in solving the above design problem is the fact 
that the duration or the equipment size is the unknown. Thus, one must 
assume an approximate duration first and solve the problem. If the results 
do not satisfy the boundary conditions (such as Eqs. (2), (3), or (4)), an 
improved guess of the duration is used to solve the problem again. This 
process is continued until the boundary conditions are satisfied. 
The invariant imbedding approach avoids this trial-and-error difficulty 
completely. To illustrate this, let us first ignore the over specified condition. 
We shall see that this over specified condition can be satisfied in a logical 
manner once the invariant imbedding equations have been formulated. 
Instead of one problem given by Eqs. ( 1) and (3) with a fixed duration 
ti, the invariant imbedding approach considers a family of problems which 
start at various initial points, a, with initial conditions C,(a) 
xi(a) = Ci, i = 1, 2 ,..., tn. (5) 
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Equations (l), (3b), and (5) represent the family of boundary value 
problems with a and Ci as parameters. 
By considering the relationship between this family of problems and by 
considering the duration of the process as the unknown, various invariant 
imbedding equations can be formulated [ 1, 2, 33. These formulations can 
be obtained by various approaches. The two most frequently used ones are 
the transmission and reflection flux approach and the Taylor series expan- 
sion approach. The reader can refer to existing literature for more details. 
To illustrate the various possible formulations and also to simplify 
notation, let us consider the following simple scalar boundary value 
problem 
with given boundary conditions 
x(0) = c, Ua) 
Y(rf) = c,. G’b) 
The invariant imbedding equation for the missing initial condition is 
; +f(C, 7 Yv a) -g=g(C,, Y, u) 
I 
with 
@a) 
where a is the initial point of the problem. By the variation of a, the 
duration of the process is varied. The function y is the value of )’ at t = a. 
Similarly, we can obtain the missing final condition for the problem 
represented by Eqs. (6) and (7): 
$+/(C,, 7, . -g=o 
1 
with 
s(C, 3 tf) = c, 
where s is the missing final condition, or the value of x at I = rP 
Pb) 
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Instead of boundary (7), suppose the boundary condition is given as 
Y(O) = c3 (loa) 
x( ff) = Cd (lob) 
then, the corresponding equations for the boundary value problem 
represented by Eqs. (6) and (10) are 
$+h. c3, a) g =fifh c3, a) 
3 
(Ila) 
with 
AC37 f/J = c, iillb) 
and 
g+g(P, c,, .g=o 
3 
(12a) 
with 
T(C3, !t.)= c3 (12b) 
where p is the value of x at t = a and T is the value of 2’ at t = t,. 
Instead of the above boundary conditions, suppose the conditions are 
given for one variable only. For example: 
40) = cs 
x( ‘f) = cg. 
(13a) 
(13b) 
The four invariant imbedding equations for Eqs. (6 ) and ( 13 ) are: 
(14a) 
with w(C~, rr)=O i14b) 
~+-gf(C,, W’, a) = 0 
5 
with L’( C,, tf) = C, (1%) 
g+nuT c,, &g=.f(P, c,, f.f, r 8 
(16a) 
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&(P, c,, I/)f$O 
8 .r 
with o(C,, tr) = C8 (17b) 
where y(f/) = C8 and is unknown. In order to obtain C8, notice that 
c, =-4t/) = u(C,, ff) + P(C8, l/J (18) 
c7 =v(O) = 4C8, lf) + W(CS,~f)- (19) 
Thus, the missing conditions C, and C8 can be obtained from the above 
equations. 
If the conditions are given not only at the end points but also at 
somewhere in between, such as condition (4c), the invariant imbedding 
equations can be obtained in essentially the same manner. 
Since all these equations are partial differential equations of the initial 
value type, they can be solved fairly routinely on modern computers. 
ESTIMATION OF PROCESS DURATION OR EQUIPMENT SIZE 
In the previous sections, our discussion followed the traditional invariant 
imbedding approach, namely: the missing initial or missing final conditions 
are used as the imbedding parameter. Since invariant imbedding is a con- 
cept, this concept can be generalized in many different directions depending 
on which condition is used as the imbedding parameter. If other conditions 
or parameters are the desired unknowns, then these conditions or 
parameters can be used as the imbedding parameter. 
Consider the problem represented by Eqs. (6) and (7), and the 
additional condition 
X(f/) = G (7c) 
This problem represented by Eqs. (6) and (7) form a boundary value 
problem with one extra condition. However, if the duration of the process 
(,-is assumed unknown, then this extra condition can be used to obtain the 
unknown duration t,. Using the invariant imbedding approach, the 
equation with tf as the dependent variable is obtained 
$+2&z -1. 
I 2 
(20) 
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It should be emphasized that the symbols C, and CZ in Eq. (7) have a 
completely different meaning from these in Eq. (20). The C, and Cz in Eq. 
(7) are fixed values or given constants, while those in Eq. (20) are 
parameters whose values are changing constantly. The characteristic 
equations for Eq. (20) are 
dC, dCz dr, -=-= -2 
fs 1 
(21) 
which can be written as 
From (22a) we have 
t,.= - dc’+$. i f 
(22b I 
The integration constant for Eq. (23) can be eliminated by the use of the 
extra condition, Eq. (7~). The resulting equations can then be solved to 
obtain the unknown duration t,-. 
SOLID-FLUID REACTIONS 
In this and the remaining sections of this paper, several different actual 
examples will be used to illustrate the basic ideas discussed earlier. The first 
example concerns a moving boundary-value problem. This problem arises 
in the modeling of solid-fluid heterogeneous reactions [4]. The system can 
be represented by the following boundary value problem in partial differen- 
tial equations 
with R > yrc and with the boundary conditions 
(24) 
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and 
DE 
aY Y=Yr 
= a (reaction rate) (26) 
Furthermore, at the moving interface, y = y,, the following must be true 
oc 
-DF y=yc 
4, =a C,,- 
dt (27) 
where yC is not a constant but a moving boundary and is equal to the 
radius of the solid particle, y is the radial position of the solid particle. It is 
not easy to solve this moving or Stefan type boundary value problem. Since 
in the invariant imbedding approach, one of the boundaries is not fixed 
(the parameter a in Eqs. (8) through (15), this approach is ideally suited 
for solving this type of problem. By using invariant imbedding, one can 
change the moving boundary value problem into an initial value problem. 
If the reaction term in Eq. (26) is linear, this initial value problem reduces 
to the familiar Riccati type equation. For more detailed discussion, the 
reader is referred to [4]. 
DFSIGN OF CYLINDRICAL CEILING FINS 
Another example is the optimal design of circular tins to maximize the 
amount of heat dissipation with a given volume and with a given profile of 
constant slope. This problem involving the simultaneous maximization and 
solution of a boundary value problem. Since the volume is fixed, the 
unknown parameter is the duration of the process or the length of the fin. 
Invariant imbedding is ideally suited to solve this problem in a 
straightforward manner and avoid completely the trial-and-error aspects. 
The cross-sectional view of a trapezoidal fin is shown in Fig. 1. The 
problem can be stated as: determine the base thickness of the fin u’ and the 
length parameter b so that the heat dissipated by the fin is maximized sub- 
ject to the restriction of a given volume and a given slope profile of the Iin. 
Mathematically, the problem can be represented by 
subject to q > qnf 
where 8 satisfies 
max.2=(1+2)8’(1& (28) 
((29) 
(3Oa) 
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FIGURE I 
with boundary conditions 
t9((= I)= 1 
d9 
N=b)=-g 5=h =o 
where Q = total heat dissipation 
c( = thermal conductivity 
q = heat transfer from the optimal fin 
q,,, = heat transfer without the presence of tin 
O’( 1) = temperature gradient at the tin base 
i = y/yh = spatial coordinate, dimensionless 
/3 = J/M’ = thickness parameter, dimensionless 
H = heat transfer coefficient 
Jb+ l)(m+ l)(m+2) n’ 
2C(m+ l)(b+ 1)l 
m = index of heat transfer coefficient. 
Since both b and u’ are unknowns and must be obtained by solving the 
above problem, the duration of the process or the value of 5rl, at yO is 
unknown. Thus, invariant imbedding can again be used to solve this 
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problem in a straightforward manner. In fact, the problem can be solved by 
gradually increasing the value of 5 until the maximum heat dissipation is 
reached. For more details, the reader is referred to [S, 61. 
ESTIMATION OF CHEMICAL REACTOR LENGTH 
We wish to manufacture a certain product by the use of an adiabatic 
tubular chemical reactor. Since the reaction mechanism and the desired 
product are given, the reactor length is the unknown variable. The typical 
equations for the adiabatic tubular reactor are 
(3lb) 
where x is the concentration and T the temperature the boundary con- 
ditions are 
x(0) = c, T(0) = c3 
WO) c 
7= 2 T(ff) = c,. 
This problem can be solved by the invariant imbedding approach. The 
resulting equations are similar to equations (2Ok(23). In one experiment, 
the value of t( obtained is 0.997 as compared to the actual value of tf= 1 
c71. 
DISTILLATION COLUMN DESIGN 
Although traditionally distillation column is not treated as a multi-point 
boundary value problem, the present author has published a series of 
papers to treat this problem as a multi-point boundary value in difference 
equations [8-lo]. Since the feed is in the middle of the column and the 
products are from the bottom and the top, this design problem forms very 
interesting and complex multi-point boundary value problems. By for- 
mulating the problem as a multi-point boundary value problem, the 
problem can be treated optimistically. The invariant imbedding concept 
certainly can be used to simplify the design problem. For example, the 
desired top and bottom products can be treated as the imbedding 
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parameter and are imbedded in terms of the feed in the middle of the 
column. Many other desired variables can also be treated as the imbedding 
parameters. Some of the variables are the reflex ratio, the number of plates 
below the feed, the number of plates above the feed, the light key, the 
heavy key, any intermediate products which are obtained by withdrawing 
from any plate, etc. 
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